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We prove that the vast majority of symmetric states of qubits (or spin 1/2) can be decomposed
in a unique way into a superposition of spin 1/2 coherent states. For the case of two qubits, the
proposed decomposition reproduces the Schmidt decomposition and therefore, in the case of a higher
number of qubits, can be considered as its generalization. We analyze the geometrical aspects of
the proposed representation and its invariant properties under the action of local unitary and local
invertible transformations. As an application, we identify the most general classes of entanglement
and representative states for any number of qubits in a symmetric state.
Symmetric states under permutations have drawn
lately a lot of attention in the field of quantum informa-
tion. The essential reason is that the number of parame-
ters needed for the description of a state in a symmetric
subspace scales just linearly with the number of parties.
This simplification makes symmetric states a good test-
ground for complex quantum information tasks such as
the description of multipartite entanglement [1–8] and
quantum tomography [9].
There are two well known representations for symmet-
ric states, the Dicke basis [10] and Majorana represen-
tation [11]. In the present work, we introduce a novel
representation whose forms resembles strongly to a gen-
eralized Schmidt decomposition and that presents advan-
tages with respect to the previous ones as regards the
readability of the entanglement properties of the state.
The structure of the proposed representation remains in-
variant under the action of local unitary operations which
leave the state in the symmetric subspace. We associate
to the proposed decomposition a geometric representa-
tion of the states that has the interest of displaying this
invariance. We proceed by identifying invariant forms of
the representation under the action of local unitary and
local invertible transformations. In this way we arrive
to an exact classification of entanglement for symmetric
states. With the well studied example of three qubits
we establish a first connection among the suggested rep-
resentation and measures of multipartite entanglement.
Furthermore, an immediate consequence of our methods
is a straightforward estimation of a well established mea-
sure of entanglement, the so called Schmidt measure [12]
for the symmetric states.
The structure of this paper is the following. We start
by recalling some basic properties of the Dicke and Majo-
rana representation and their connection to entanglement
classification. We then move to the presentation of the
novel decomposition that is the main result of the paper.
Finally we employ the properties of the decomposition in
order to arrive at a classification of entanglement appli-
cable to the vast majority of symmetric states.
Every symmetric state of N qubits can be expressed in
a unique way over the Dicke basis formed by the N + 1
joined eigenstates {|N/2,m〉} of the collective operators
SˆZ =
N∑
i=1
σˆZi and Sˆ
2, where
~ˆ
S =
N∑
i=1
~ˆσi:
|N/2,m〉 = d−1N,m
∑
perm
|1〉 |1〉 . . . |1〉︸ ︷︷ ︸
m+N/2
|0〉 |0〉 . . . |0〉︸ ︷︷ ︸
N/2−m
(1)
where dN,m =
√(
N
m + N/2
)
. More specifically
SˆZ |N/2,m〉 = m |N/2,m〉 and Sˆ2 |N/2,m〉 =
N (N/2 + 1) /2 |N/2,m〉 with m = −N/2,−N/2 +
1, ..., N/2. Even if the number of SˆZ eigenstates is N+1,
using the freedom of choice of the global phase and the
normalization condition, one remains with N complex
numbers expressing in a unique way every symmetric
state over this basis.
A commonly used alternative to the Dicke basis is
the Majorana representation [11] initially proposed to
describe states of spin-j systems. This attributes to
each state N points on the Bloch sphere in the follow-
ing way: one projects the given symmetric state |Ψ〉 =∑N/2
m=−N/2 cm |N/2,m〉 on a spin coherent state [13] of N
qubits defined as
|α〉 = eα∗Sˆ+ |N/2,−N/2〉 (2)
=
s∑
m=−s
(α∗)
N/2+m
dN,m |N/2,m〉 . (3)
This projection leads to a polynomial of Nth order on
the complex parameter α, the so-called Majorana poly-
nomial:
Ψ (α) = 〈α |Ψ〉 =
N/2∑
m=−N/2
λmα
N/2+m, (4)
2with λm = dN,mcm. The N complex roots {αn} (Majo-
rana roots) of the polynomial Ψ (α)
Ψ (α) ∝
N∏
n=1
(α− αn) . (5)
fully characterize the state |Ψ〉. It is possible to introduce
a geometric picture by attributing N Bloch vectors {vn}
to the roots {αn} via the inverse stereographic mapping
{αn} →
{
eiϕn tan (θn/2)
} ≡ {vn}. The edges of these
vectors define a set of N points on the Bloch sphere,
the so called Majorana stars. Furthermore, using the
states |χn〉 = sin (θn/2) |0〉 − e−iϕn cos (θn/2) |1〉 which
are orthogonal to the states associated to {vn}, one can
write in a unique way every symmetric state as
|Ψ〉 = A
∑
perm
|χ1〉 ⊗ |χ2〉 ⊗ . . . |χN 〉 (6)
where A is a complex number that stands for the nor-
malization factor and the global phase.
Majorana representation, among other applications
[14–17], has proven very useful to the study and classifica-
tion of entanglement in symmetric states [2–7, 18]. There
are two ways to classify entanglement or in other words,
to regroup states in classes according to their entangle-
ment properties. In the first classification, each class con-
tains states which can be transformed in each others by
Local Unitary (LU) transformations. States belonging to
the same, so-called, LU class of entanglement have identi-
cal entanglement properties. In the second classification,
Stochastic Local Operations and Classical Communica-
tion (SLOCC ) are also allowed. In that case, it can be
shown [19, 20] that two states are in the same class if and
only if one state can be converted to the other via the
use of Invertible Local (IL) operations mathematically
implemented by the SL(2,C) group. States belonging to
same so-called IL class of entanglement, are entangled in
the same way.
Focusing on the case of symmetric states of qubits the
LU transformations which leave states in the symmet-
ric subspace are equivalent to collective SU(2) rotation
(SU(2) = SU(2)× SU(2) . . .× SU(2)) [4] where all the
SU(2) (single qubit) transformations are identical and
are parametrized by 3 real numbers. A symmetric state
of qubits is defined by 2N real parameters but identify-
ing its invariant part under LU transformations requires
only 2N − 3 real numbers, the so-called LU invariants.
States with the same LU invariants belong to the same
LU entanglement class. There are different ways of iden-
tifying a set of LU invariants for a given state [21]. One
way is to calculate the values of a complete set of poly-
nomial invariant quantities. Alternatively with the help
of LU transformations one can reduce a given state to
a properly chosen LU canonical form [22], described by
2N−3 real numbers. For symmetric states, the Majorana
representation offers an overcomplete set of LU invari-
ants with a geometric aspect, the inner products among
{vn}. This can be easily understood noting an essen-
tial aspect of Majorana representation: Majorana stars
rotate uniformly under LU transformations (see Eq.(6)).
In the case of IL transformations for symmetric states,
it has been proven [4] that is sufficient to search for in-
terconvertibility via just collective SL(2,C) operations
i.e. SL(2,C) =SL(2,C) × SL(2,C) . . .× SL(2,C). The
SL(2,C) group is the complexification of the SU(2)
group and thus a collective IL transformation on a sym-
metric state is parametrized by 6 real numbers. Similarly
to the case of LU transformations, the 2N − 6 invari-
ants of a symmetric state under IL transformations (IL
invariants), can be calculated in different ways. It has
been recently proven that under SL operations Majo-
rana roots follows Mo¨bius transformations on the com-
plex plane [2, 18, 23] and that a complete set of IL in-
variants [18] is given by combinations of the roots of the
Majorana polynomials. Finally, it is worth mentioning
that a third way for classifying entanglement relevant
only for symmetric states, has been recently suggested
[3]. This last classification is related to the fact that an
IL transformation cannot change the classification of de-
generacies of the Majorana polynomial Eq.(4).
In what follows we only consider pure states and we
call generic symmetric state of N qubits, a pure state
whose highest degeneracy degree (γ) in Majorana’s roots
satisfies the condition γ < N+12 or γ = N for N odd,
and γ < N2 + 1 or γ = N when N is even. In the class
of generic states, the states with no degeneracies are in-
cluded which are the states covering the vast majority of
space of symmetric states.
We start by claiming that any generic symmetric state∣∣Ψ(odd)〉 of N qubits where N is odd can be decomposed
in a unique way as a superposition of at most (N − 1) /2
spin coherent states |Φm〉:
∣∣Ψ(odd)〉 =
(
(N−1)/2∑
m=0
cm |Φm〉
)
(7)
|Φm〉 = |φm〉 ⊗ |φm〉 ... |φm〉 .
As a convention we arrange the complex amplitudes
cm in decreasing sequence |c0| > |c1| > ... >∣∣c(N−1)/2∣∣ and for the single qubit states |φm〉, we use
the specific parametrization |φm〉 = cos (θm/2) |0〉 +
eiϕm sin (θm/2) |1〉. We also note that in the general case
〈φn |φm〉 6= 0. If we exploit the normalization condition
and the freedom of choice of the global phase, we can
rewrite the state in the following more convenient form
for our purposes,
∣∣Ψ(odd)〉 = A
(
|Φ0〉+
(N−1)/2∑
m=1
yme
ikm |Φm〉
)
(8)
where ym = |cm/c0| < 1, eikm = cm(c0ym)−1 and A the
normalization factor. The proof of Eq.(7) which is pre-
sented in the Appendix, additionally provides the steps
3for identifying the parameters of decomposition (states
|φm〉 and coefficients cm) for a given generic state.
For the case of an even number of qubits, the decom-
position is slightly different. We prove in the Appendix
that the following unique decomposition exists
∣∣Ψ(even)〉 = c0 |Φ0〉+ c1 ∣∣Φ⊥0 〉+ N/2∑
m=2
(N>2)
cm |Φm〉 (9)
|Φm〉 = |φm〉 ⊗ |φm〉 ... |φm〉 .
The complex amplitudes cm satisfy now the following
conditions: |c2| > ... >
∣∣cN/2∣∣ and |c0| > |c1|. In ad-
dition 〈φ0
∣∣φ⊥0 〉 = 0. For the single qubit states we
use as before the convention |φm〉 = cos (θm/2) |0〉 +
eiϕm sin (θm/2) |1〉. We suggest the more convenient form
∣∣Ψ(even)〉 = A

|Φ0〉+ y1eik1 ∣∣Φ⊥0 〉+ N/2∑
m=2
(N>2)
yme
ikm |Φm〉


(10)
where ym = |cm/c0|, eikm = cm(c0ym)−1 and A the nor-
malization factor.
One interesting feature of the decomposition Eq.(8) is
that it permits us to obtain a geometrical image for the
state
∣∣Ψ(odd)〉. We can represent Eq.(8) on the Bloch
ball with one normalized vector |φ0〉 and (N − 1) /2 un-
normalized vectors ym |φm〉 of length l 6 1. The only
ingredient missing in the picture are the (N − 1) /2 real
phases km. Similarly, in the case of an even number of
quits, one can attribute a geometrical picture to the state
in Eq.(10), with normalized vector |φ0〉, the unnormal-
ized vector y1
∣∣φ⊥0 〉, and N/2 − 1 unnormalized vectors
ym |φm〉. This geometric picture remains invariant under
the action of local unitary transformations which leave
the state permutationaly symmetric.
In order to show this, let us start with the case
of an odd number of qubits and consider the state∣∣Ψ(odd)〉 in Eq.(8). We denote ∣∣∣Ψ′(odd)〉 = Uˆ ∣∣Ψ(odd)〉
with Uˆ ∈ SU(2) and introduce the new phases k′m de-
fined as eik
′
m |Φ′m〉 = Uˆeikm |Φm〉 such that the single
qubit parametrization remains as |φ′m〉 = cos (θ′m/2) |0〉+
eiϕ
′
m sin (θ′m/2) |1〉. The new representation for the ro-
tated state |Ψ′〉 is
∣∣∣Ψ′(odd)〉 = A
(
|Φ′0〉+
(N−1)/2∑
m=1
yme
ik′m−ik
′
0 |Φ′m〉
)
. (11)
In analogy, for an even number of qubits and starting
from the state represented in Eq.(10) we arrive to∣∣∣Ψ′(even)〉 = A(|Φ′0〉+ y1eik′1−ik′0 ∣∣Φ′⊥0 〉
+
N/2∑
m=2
(N>2)
yme
ik′m−ik
′
0 |Φ′m〉) (12)
Geometrically speaking, the vectors {ym |φm〉} of the ini-
tial state (Eq.(10) or Eq.(8)) represented on the Bloch
ball simply undergo an uniform rotation under the ac-
tion of LU operators. In other words the suggested ge-
ometric representation of the decomposition rotates as a
rigid body. These observations lead naturally to the first
criteria offered by our representation:
Criterion 1 If two symmetric states are convertible
among each other via LU rotations, their representation
on the Bloch ball are identical up to global rotations of
the ball.
Criterion 2 An overcomplete set of LU invariants is
formed by the complex numbers eikm−ikn 〈Φn |Φm〉, the
real positive numbers {ym} and the normalization factor
A.
A second option for identifying LU invariants of state
Eq.(8) is to apply SU(2) operations in order to reduce
it into a canonical state characterized by 2N − 3 real
parameters [22]. We define the following LU−canonical
state for an odd number of qubits
∣∣∣ΨLU(odd)〉 = A
(
|1〉+ y1 |X1〉+
(N−1)/2∑
m=2
yme
ilm |Xm〉
)
,
(13)
and an analogous form for an even number of qubits
∣∣∣ΨLU(even)〉 = A
(
|1〉+ y1 |0〉+
N/2∑
m=2
yme
ilm |Xm〉
)
. (14)
Every state in Eq.(8) (Eq.(10)) can be reduced to Eq.(13)
(Eq.(14)) by LU transformations. The 2N − 3 real pa-
rameters of Eq.(13) (Eq.(14)) consists in a complete set
of independent LU invariants.
Criterion 3 Two states are equivalent under LU iff they
have identical LU−canonical forms.
By definition, states equivalent under LU belong to the
same LU class of entanglement and therefore Eqs.(13)-
(14) permits us to identify all the LU classes of generic
symmetric states.
Concerning IL operations the situation naturally be-
comes more complex. Let us first consider the odd case,
and apply a collective operation Vˆ ∈ SL(2,C) to the ini-
tial state
∣∣Ψ(odd)〉 in Eq.(8). Denoting the resulting state
by
∣∣∣Ψ′′(odd)〉 = Vˆ ∣∣Ψ(odd)〉 then
∣∣∣Ψ′′(odd)〉 = A′′
(
y
′′
0 e
ik
′′
0
∣∣∣Φ′′0〉+ (N−1)/2∑
m=1
y
′′
me
ik
′′
m
∣∣∣Φ′′m〉
)
.
(15)
One may observe that the action of IL operations pre-
serves the form of the representation, up to a rearrange-
ment of terms which has to be performed, so that the
condition y0 > y1 > . . . > y(N−1)/2 is satisfied. One can
4also see that contrary to the LU case, the suggested rep-
resentation does not provide obvious IL invariant quan-
tities. We circumvent this problem by defining the fol-
lowing IL-canonical form [22, 24] for a generic state of
an odd number of qubits
∣∣∣ΨIL(odd)〉 = A
(
|0〉+ |1〉+
(N−1)/2∑
m=2
λme
iξm |Ξm〉
)
, (16)
where we applied SL(2,C) operations to reduce the num-
ber of parameters in Eq.(8) and set : |Φ0〉 → |0〉,
|Φ1〉 → |1〉 and y1eik1 → 1. We note here that in the gen-
eral case the coefficients λm in Eq.(16) are not ordered
and the condition |λm| < 1 is not necessarily satisfied.
For the case of an even number of qubits IL operations
do not conserve the form since they do not preserve the
orthogonality condition 〈φ0
∣∣φ⊥0 〉 = 0. Despite this fact,
we can define an IL−canonical form for even number of
qubits ∣∣∣ΨIL(even)〉 = ∣∣∣ΨIL(even)〉 = A(|0〉+ |1〉+ λ |c〉
+
N/2∑
m=3
λme
iξm |Ξm〉) (17)
where |c〉 = (c |0〉+ |1〉) /
√
1 + |c|2. The complex num-
bers c and λ are not independent and they are related to
each other via a parametric relation which is provided in
the Appendix together with the proof of Eq.(C1).
The 2N − 6 real numbers in Eq.(16) (Eq.(C1)) form a
complete set of IL invariant and therefore we can state
the following criterion:
Criterion 4 Two states are equivalent under IL opera-
tions iff they have identical IL−canonical forms.
By definition, states equivalent under IL operations
belong to the same IL class (or just class) of entangle-
ment and these are entangled the same way [19], [20]. In
consequence the canonical forms in Eqs.(15)-(C1) permit
us to identify all IL classes for generic symmetric states
of qubits as well as representative states of these.
Finally, it is important to note that the decomposition
given by Eq.(7) and Eq.(9) provides straightforwardly the
Schmidt measure [12] for every generic symmetric state.
Indeed, if we note r the number of non zero ym coeffi-
cients, then the Schmidt measure is given by P = log2(r).
So, as a byproduct our method provide for free a method
to calculate the Schmidt measure and a classification of
entanglement of generic symmetric states according to
this widely used measure of entanglement. We illustrate
here the different aspects of the proposed decomposition
by discussing in detail the 3 qubit case.
According to Eq.(8) a generic state of 3 qubits can be
written as
|Ψ〉 = A (|Φ0〉+ yeik |Φ1〉) (18)
Z
Y
X
Z
Y
X
Z
Y
X
HaL
HbL
HcL
FIG. 1: The geometric representation (a) for a general sym-
metric state of 3 qubits Eq.(18). The normalized vector |φ0〉 is
represented by the (red) dotted vector while the unnormalized
vector y |φ1〉 by a (blue) solid vector. (b) The LU−canonic
form of a state as in Eq.(20). (c) The geometric representation
of a GHZ state for any number of qubits.
where A the normalization factor. The obtained form
Eq.(18) corresponds to previously derived 3 qubit exten-
sion of Schmidt decomposition [19, 25].
Using our results, the 3 qubit symmetric state is repre-
sented by the two vectors |φ0〉 and y |φ1〉 in the Bloch ball
as in Fig.1(a). For the state of maximum tripartite en-
tanglement, i.e. the GHZ state (|0〉+ |1〉) /√2, we have
〈φ0 |φ1〉 = 0 and y = 1. Therefore, a GHZ state is geo-
metrically represented by two normalized and orthogonal
vectors (see Fig.1(c)). It is easy to check that this geo-
metric representation (by two orthogonal vectors) holds
5true for all GHZ states independently of the number (N)
of qubits.
Now let us investigate how the 3-tangle τ [26], a
widely applied measure of entanglement, is related to
the LU invariant characteristics of the representation :
y, e−ik 〈Φ1 |Φ0〉 and A. For state |Ψ〉 in Eq.(18) we have
τ = 4y2
(
1− |〈Φ0 |Φ1〉|2/3
)3/2
A4. (19)
Furthermore, we may compare 3-tangle with the in-
variant set of parameters deduced by the LU−canonical
form of the given state |Ψ〉,i.e.,
∣∣ΨLU〉 = A (|1〉+ y |X〉) (20)
where |X〉 = |χ〉 |χ〉 |χ〉 with |χ〉 =(
cos (ε/2) |0〉+ eiϕ sin (ε/2) |1〉) and
A−2 = 1 + y2 + 2y cos(3φ) sin3
(ε
2
)
.
According to Eq.(13) the complete set of LU invariants
is formed by the 3 real numbers {y, ε, ϕ} with 0 < y 6 1,
0 < ε ≤ π and 0 < ϕ ≤ 2π. In addition, for this
case (N = 3) the geometric representation for |ΨLU 〉 in
Eq.(20) is faithful and one may visualize the set of in-
variants on the Bloch Ball by the length and position of
the vector y |χ〉 (see Fig.1 (b)). The 3−tangle depends
on {y, ε, φ} via the simple and intuitive relation
τ =
4y2 cos3 (ε/2)(
1 + y2 + 2y cos(3φ) sin3
(
ε
2
))2 . (21)
The 3-tangle thus is monotonically increasing with y and
decreasing with ε, while φ produces small oscillations.
The geometric representation, Fig.1 (b), thus permits us
to compare in a qualitative manner the amount of tripar-
tite entanglement among different states.
We have derived a novel representation for generic
symmetric states of qubits and we have applied it to
provide a complete solution to the problem of entangle-
ment classification of such states. We believe that the
suggested decomposition is a general tool with potential
applications in other fields of quantum physics, including
quantum optics with collective spin states.
We thank R. Mosseri and D. Markham for useful dis-
cussions. The authors acknowledge financial support by
ANR under project HIDE. AM is grateful to Alexander
Meill for his critical feedback on the previous version of
this work.
Appendix A: The decomposition for an odd number
of qubits
Here we prove the existence and the uniqueness of the
decomposition
∣∣Ψ(odd)〉 =
(
(N−1)/2∑
m=0
cm |Φm〉
)
(A1)
|Φm〉 = |φm〉 ⊗ |φm〉 ... |φm〉 ,
for generic states of an odd number of qubits. The com-
plex amplitudes cm in Eq.(A1) are of decreasing sequence
|c0| > |c1| > ... >
∣∣c(N−1)/2∣∣ and
|φm〉 = cos (θm/2) |0〉+ eiϕm sin (θm/2) |1〉
single qubit states whicha are either all distinct with each
other or all identical.
Proof.
To prove the wanted result, we initially assume the ex-
istence of the decomposition for a given state. Then we
derive the conditions under which, the unknown param-
eters of the decomposition can be uniquely determined
by the Majorana roots of this state.
For a given state |Ψ〉 expressed in the computational
basis, one can always derive the corresponding Majo-
rana polynomial [11], Ψ (α) =
∑N
m=0 λmα
m and the N
roots {αn} corresponding to the solution of the equation
Ψ (α) = 0. In addition, we denote by α0 the value of the
Majorana polynomial on zero as α0 = λ0.
We assume initially that for the given state |Ψ〉, the de-
composition, Eq.(A1), is possible. For convenience rea-
sons we rewrite the decomposition Eq.(A1) as
|Ψ〉 =
(
(N−1)/2∑
m=0
c′m |Φ′m〉
)
(A2)
|Φ′m〉 = |φ′m〉 ⊗ |φ′m〉 ... |φ′m〉
where |φ′m〉 are now unormalized vectors :
|φ′m〉 = (|0〉+ βm |1〉)
with βm = e
iϕm tan (θm/2). The new complex ampli-
tudes c′m are related with those in Eq.(A1) via the rela-
tion c′m = cm/
(
1 + |βm|2
)N/2
.
At next step, we project the state |Ψ〉 decomposed as in
Eq.(A2) on the spin coherent state |α〉 = |α〉⊗|α〉⊗. . . |α〉
where |α〉 = |0〉 + α∗ |1〉. We thus obtain the following
polynomial
P (α) =
(N−1)/2∑
m=0
c′m (1 + αβm)
N
(A3)
.
Our aim is to determine the N+1 unknown coefficients
{c′m} and {βm} by the N + 1 known complex numbers
6{αn}. By construction, Ψ (α) = P (α) since both rep-
resent 〈α |Ψ〉. As a direct consequence, the two polyno-
mials share the same roots αi, such that P (αi) = 0 for
i = 1, . . . , N . This way we obtain the following set of
conditions:
(N−1)/2∑
m=0
c′m (1 + αiβm)
N
= 0 (A4)
where i = 1, . . . , N . In addition, Ψ (0) = P (0) = α0 that
leads to
(N−1)/2∑
m=0
c′m = α0. (A5)
One may observe that the N conditions Eq.(A4) form
a linear and homogeneous system of equations on the
(N + 1) /2 parameters {c′m}. This system is overdefined
and in order to have a non-zero solution for {c′m} the
equations should be linearly dependent.
One way to impose the linear dependence is to re-
quire that each vector defined by the N+12 coefficients[
(1 + αiβm)
N ;m = 0, 1, · · · N−12
]
of the ith equation,
with i ≥ (N + 1)/2, remains in the subspace defined
by the first (N − 1)/2 vectors. This provides us with the
following (N + 1) /2 conditions:
Det


(1 + α1β0)
N (1 + α1β1)
N . . .
(
1 + α1β(N−1)/2
)N
(1 + α2β0)
N
(1 + α2β1)
N ...
...
...
. . .
...(
1 + α(N−1)/2β0
)N (
1 + α(N−1)/2β1
)N
. . .
(
1 + α(N−1)/2β(N−1)/2
)N
(1 + αiβ0)
N
(1 + αiβ1)
N
. . .
(
1 + αiβ(N−1)/2
)N


= 0 (A6)
for i = (N+1)/2, . . . , N which allow the determination of
the (N + 1) /2 parameters {βm}. At next step, one may
solve the linear system of equations composed by Eq.(A5)
and any (N − 1) /2 equation of the system Eq.(A4), in
order to identify the parameters {c′m}.
One can easily conclude at this point, that the degen-
eracies in β’s parameters must be related to those of the
roots αi. Let us postpone the analysis of degeneracies at
the end of the proof and show below the uniqueness of
the solution assuming that all αi, (and in consequence
all β’s) are distinct.
Uniqueness of the solution. What is not obvious from
the analysis above is the uniqueness of the solution (up to
permutations and all βm distinct) and let us clarify this
point. One can check that each ith determinant Eq.(A6)
is of the order (1 +N) (1 + 3N) /8 on β’s. However the
i determinant factorizes to a product of
N−1
2∏
i=0,j=1
j>i
(βi − βj)
and a polynomial fi = F
({βm} ,{αn( 6=i)} , αi) of order
M = (1 +N) (1 + 3N) /8 − (
N+1
2 )!
(N−32 )!2
. Since a solution
where two or more of β’s coincide is not admissible, one
has to analyze the roots of the polynomials fi. Each
of the polynomials fi is invariant under permutations of
{βm} and it can be rewritten on the basis of N+12 elemen-
tary symmetric polynomials on these variables. In other
words, one can proceed with a change of variables from
{βm} to symmetric combinations of them. For instance,
in the case of 3 qubits, one rewrites the polynomials in
terms of the two variables x0 = β0 + β1 and x1 = β0β1.
Such transformation is further reducing the order of the
polynomials fi to K =
N+1
2 . According to Be´zout’s the-
orem, the maximum number of (complex) roots for K
polynomials on K variables, of K order each (as we have
in our case) is KK . However, if one proceeds with the
solution of the system of equations one finds only one
non trivial solution and the trivial solutions of high de-
generacy degree correspond to degeneracies in β’s. In
the simplest case of 3 qubits the degenerate solution is
of third order and implies that β0 = β1. This fact can
be explicitly checked since the polynomials f1 and f2 are
elliptic equations. In the general case (N > 3), the high
degree of degeneracy in the solution is justified by the
fact that the polynomials fi are identical up to an inter-
change of a single parameter, i.e. the αi root.
Degeneracies in Majorana roots In the case where one
(or more) Majorana root, i.e. αk is degenerate of lth
order one has to supplement the system of equations (A4)
and (A5) with the following ones
djP (α)
dαj
∣∣∣∣
α=αk
=
(N−1)/2∑
m=0
c′mβ
j
m (1 + αkβm)
N−j = 0 (A7)
where j = 1, . . . , l − 1. The solution remains unique in
this case and there are no degeneracies in β’s.
The procedure above does not work when the highest
degeneracy degree (γ) of the roots {αn} of Ψ (α) takes an
integer value in the interval
[
N+1
2 , N − 1
]
. In this case
the decomposition Eq.(A1) is not unique and therefore
7out of our interest. Let us prove this statement first for
the case where γ = N+12 for the root αk.
The determinant of the system of Eqs.(A7) where j =
1, . . . , (N − 1)/2 supplemented by
(N−1)/2∑
m=0
c′m (1 + αkβm)
N
= 0 (A8)
is
N−1
2∏
m=0
(1 + αkβm)
N+1
2
N−1
2∏
i=0,j=1
(j>i)
(βi − βj) = 0. (A9)
This determinant should vanish (to have a non trivial
solution for the global system), and therefore either at
least one of the terms (1 + αkβm) is zero or at least two
of βm coincide. In both cases, the initial system of
N+1
2
equations Eqs.(A7)-(A8) contains now N−12 unknowns.
If one pick N−12 of the equations and requires that the
determinant vanishes, one arrives to an expression similar
to Eq.( A9) that implies that at least one of the terms
(1 + αkβm) (for m 6= 1) is zero or at least two of the rest
of the βm coincide. Repeating the procedure, (N − 3)/2
times one arrives to the conclusion that all βm has to
coincide.
Analogous procedure maybe be used to prove that for
N > γ > N+12 the decomposition of the form Eq.(A3)
does not hold. A straightforward consequence is that the
Dicke states (apart from highest and lowest one) cannot
be represented via our proposed decomposition.
It is obvious from the above analysis that the decom-
position does not allow degeneracies in β′s apart from
the extreme case (of separable states) where all β′s coin-
cide. One may prove this result in an alternative way by
searching the conditions under which the decomposition
Eq.(A1) is allowed to have less components. One then
arrives to the conclusion, that the existence of a relevant
amount of degeneracies in the roots α’s is required. How-
ever, this analysis leads to a solution that is not unique.
Furthermore, we would like to underline that for some
cases, e.g. the GHZ state, less components are present
in the decomposition. Such reduced forms are due to
vanishing c’s and not due to the degeneracies in β′s.
Appendix B: The decomposition for an even number
of qubits
A generic state of qubits can be put in the following
form
∣∣Ψ(even)〉 = c0 |Φ0〉+ c1 ∣∣Φ⊥0 〉+ N/2∑
m=2
(N>2)
cm |Φm〉 (B1)
|Φm〉 = |φm〉 ⊗ |φm〉 ... |φm〉
The complex amplitudes cm satisfy now the following
conditions: |c2| > ... >
∣∣cN/2∣∣ and |c0| > |c1|. In addition
〈φ0
∣∣φ⊥0 〉 = 0.
Proof.
Let us assume that
∣∣φ⊥0 〉 = |φ1〉 where |φ1〉 a state
independent to |φ0〉. Then the proof of the existence of
the decomposition Eq.(B1) follows the same lines as for
an odd number of qubits. One takes exactly the same
steps in order to identify the N + 1 complex numbers
βm,m 6=1 in the polynomial
P (α) =
N/2∑
m=0
c′m (1 + αβm)
N
(B2)
in terms of the N roots of the Majorana polynomial,
α0 and the free parameter β1. At this point one should
impose an extra condition and the choice should be such
that the final solution is unique up to permutations. The
form of dependence of the parameters βm,m 6=1 on the
parameter β1 lead us to following condition
N/2∏
i=0
(1 + β∗i β1) = 0, (B3)
a condition which notably remains invariant under the
action of local unitary transformations. The solution that
follows from the Eq.(B3) is not unique since |φ1〉 can be
orthogonal to any of the rest of states. In other words
there are N different solutions and we have to impose an
extra condition making the solution unique. We choose
the solution that maximizes the amplitude |c0| for |Φ0〉.
Concerning the impossibility of decomposition Eq.(B1)
the same analysis can be made as for the odd number of
qubits. One arrives to the conclusion that when N >
γ > N2 + 1 one cannot express the state as in Eq.(B1).
Appendix C: The IL−canonical form for an even
number of qubits
A generic state of an even number of qubits can be
reduced to the following IL−canonical form under the
action of invertible local (IL) transformations∣∣∣ΨIL(even)〉 = A(|0〉+ |1〉+ λ |c〉
+
N/2∑
m=3
λme
iξm |Ξm〉) (C1)
where |c〉 = (|0〉+ c |1〉) /
√
1 + |c|2. The complex num-
bers c and λ are not independent and they are related to
each other via a parametric relation.
Proof.
We start by decomposing the given state as in Eq.(B1).
If we divide the expression Eq.(B1) by c0 and renormalize
8it we arrive to the following equivalent decomposition∣∣Ψ(even)〉 = A(|Φ0〉+ c′1 ∣∣Φ⊥0 〉+ c′2 |Φ2〉
+
N/2∑
m=3
(N>4)
c′m |Φm〉) (C2)
|Φm〉 = |φm〉 ⊗ |φm〉 ... |φm〉
|φm〉 = cos (θm/2) |0〉+ eiϕm sin (θm/2) |1〉∣∣φ⊥0 〉 = − sin (θ0/2) |0〉+ eiϕ0 cos (θ0/2) |1〉
where A the normalization factor.
An IL transformation is implemented by the action of
element of the SL(2, C) group. A matrix representation
of such transformation is
G =
(
a b
d f
)
(C3)
where a, b, d, f complex numbers satisfying the condition
af − bd = 1.
We apply transformation G = G × G × . . .G on the
state Eq.(C2) and impose that
(c′1)
1/N
G
∣∣φ⊥0 〉 = (s)1/N |0〉 (C4)
(c′2)
1/N
G |φ2〉 = (s)1/N |1〉 (C5)
where s an arbritary complex number. The conditions
Eqs.(C4)-(C5) together with the condition af − bd = 1
allow us to determine the elements of the matrix G and
the parameter s via the known numbers θ0, ϕ0, θ1, ϕ1,
c′1 and c
′
2.
Under the action ofG the initial state Eq.(C2) is trans-
formed to
G
∣∣Ψ(even)〉 = A′(1
s
G |Φ0〉+ |0〉+ |1〉
+
N/2∑
m=3
(N>4)
c
′′
m
∣∣∣Φ′′m〉). (C6)
If we rewrite
(
1
s
)1/N
G |φ0〉 = λ1/N (|0〉+c|1〉)√
1+|c|2
then it is
easy to verify that the complex numbers λ and c are
dependent via the following parametric relation
c = eiφ0
c′1
c′2
(
eiφ0 sin (θ0/2) cos (θ1/2)− eiφ1 cos (θ0/2) sin (θ1/2)
)−1
λ =
√
1 + |c|2
c′1
(
eiφ0 sin (θ0/2) cos (θ1/2)− eiφ1 cos (θ0/2) sin (θ1/2)
)
(eiφ0 cos (θ0/2) cos (θ1/2) + eiφ1 sin (θ0/2) sin (θ1/2))
.
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